Abstract. We examine several aspects of black hole physics using the MelvinKerr-Newman (MKN) family of spacetimes. Roughly speaking these are black holes immersed in a distorting background magnetic field and unlike the standard KerrNewman (KN) family they are not asymptotically flat. Among other properties we see that their angular momentum and charge are bounded by horizon area in exactly the same way as KN and also that they obey the uniqueness theorems for extremal horizons: these properties are in accord with standard theorems but are seen to be satisfied in interesting and non-trivial ways. Horizon geometries are compared to KN horizons with equal area, charge and angular momentum. Finally we calculate the energy of these distorted black holes using the isolated horizon, Komar and recently proposed Gibbons-Pang-Pope procedures. Disagreements between these methods highlight the inherent ambiguities in attempting to define energy and other physical properties for a non-asymptotically flat spacetime.
Introduction
The basic properties of Kerr-Newman (KN) spacetimes are well-known (see for example [1] or [2] ). There is a black hole region from which no signal can be sent to infinity and the boundary of that region is the event horizon. Geometrically the horizon is a non-expanding null surface and is a Killing horizon. Inside the horizon are trapped surfaces and a gravitational singularity.
Physically these black holes have well-defined notions of total mass-energy M , charge Q and angular momentum J. Those quantities are related via the Smarr law:
where A is the area of a cross-section of the horizon and κ, Ω and Φ are respectively its surface gravity, angular velocity and Coulomb potential. Variations of these quantities through the set of all possible KN solutions gives rise to the first law of black hole mechanics:
The celebrated black hole uniqueness theorems ( [3] for a review) mean that all of these properties are more than just peculiarities of a particular set of solutions. Those
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theorems tell us that, in four dimensions, KN black holes are the only asymptotically flat, stationary and axisymmetric Einstein-Maxwell black holes. From the perspective of a black hole and its characteristic time-scale, most astrophysical processes are nearly stationary and nearly asymptotically flat. Thus most astrophysical black holes are (perturbed) KN black holes.
However, most is not all. Some extreme astrophysical process, such as black hole formation or the final stages of a black hole merger are certainly not (perturbatively) KN: they are not nearly stationary and may also contain extra matter fields. More generally, alternative theories of gravity certainly contain non-KN black holes. Thus there are good physical reasons to study non-KN black holes. From a mathematical perspective it is also of interest to study alternative or distorted black holes in order to sharpen our understanding of mathematical definitions of black holes and better appreciate the degree to which well-known properties are (or are not) peculiar to KN solutions.
We will study the non-KN black holes generated by violating the asymptotic flatness condition while leaving the others in place. Such solutions are well-known. Focussing first on the static case, all vacuum solutions are Weyl solutions (see for example the discussion in [4] ). It turns out that the static axisymmetric Einstein equations reduce to two equations: a three-dimensional Euclidean Laplace equation for a potential U along with a non-linear first-order equation for a potential γ. The right-hand side of that first order equation is entirely made up from coordinates and derivatives of U and so may be directly integrated. Thus there is a bijective mapping between static axisymmetric solutions of the three-dimensional Euclidean Laplace equation and the static axisymmetric vacuum solutions of the Einstein equation. Then in some sense one can superpose Weyl solutions: add U s and then integrate the second equation to get an appropriate γ. By this method one can construct distortions of the Schwarzschild black hole [5] .
Note that the textbook definition of a black hole as the complement of the causal past of future null infinity assumes asymptotic flatness and so cannot be applied in these cases. However, these Weyl-distorted Schwarzschild solutions contain Killing horizons, trapped surfaces inside those horizons and interior singularities and so it would be excessively legalistic to deny that they are black holes. That said they differ significantly from standard Schwarzschild black holes. The horizons are no longer spherically symmetric as the distortions force them to become oblate or prolate. The singularity is similarly distorted [6] . While there are always trapped surfaces close to the singularity, for sufficiently large distortions there are no longer trapped surfaces "just inside" the horizon [7] .
By closely related methods one can also distort Reissner-Nordström solutions [8, 9] and KN solutions [10, 11] . Most generally, stationary axisymmetric electrovac spacetimes may be written as Ernst solutions [4] . In this paper we focus on a class of these solutions: the Melvin-Kerr-Newman (MKN) spacetimes. These are a well-known family of solutions that describe a black hole immersed in a background magnetic field (see, for example, [12, 13, 14, 15, 16, 17, 18] ). Though quite complicated algebraically they are conceptually relatively easy to deal with in that the degree of distortion is parameterized by a single parameter B which is associated with the distorting magnetic field. MKN solutions are not asymptotically flat and the strength of the electromagnetic field actually grows as one moves away from the black hole.
In all of these solutions, the loss of asymptotic flatness results in other complications beyond the exact definition of a black hole. While surface area A, charge Q and angular momentum J remain well-defined for any axisymmetric horizon (as will be reviewed in Section 3 they may be calculated locally on the horizon), in the absence of standard asymptotics, the usual way to define energy for a spacetime is lost: the ADM mass is only defined for asymptotically flat [1] or asymptotically anti-deSitter [19, 20] spacetimes. In fact it is not even obvious that the mass of a spacetime with exotic asymptotics should be well-defined. For an asymptotically flat spacetime the ADM mass is equivalent to the Newtonian mass as measured in the weak field zone (far from the source the gravitational field is essentially Newtonian). For a spacetime that is not asymptotically Minkowski, there is no such region.
The asymptotic structure is also key to defining the surface gravity, Coulomb potential and angular velocity of a black hole. If ξ o is the Killing vector field that becomes null on a Killing horizon, then the surface gravity κ and Coulomb potential Φ are:
where A a is the electromagnetic vector potential (for notational clarity the subscript "o" is turned into a superscript for the one-form version). But there is a rescaling freedom in ξ o and gauge freedom in A a . In the special case of a static asymptotically flat spacetime (things are slightly more complicated for the stationary case), the rescaling freedom is removed by normalizing ξ o so that it is unit length at infinity while the gauge freedom is removed by requiring that A a vanish at infinity. However it is not clear what the corresponding behaviours should be for exotic asymptotics where there may be either no or many timelike Killing vector fields at infinity and where the electromagnetic field itself may diverge. For non-asymptotically flat spacetimes that are stationary (and rotating) rather than static the problems are compounded as the angular velocity Ω joins the list of ambiguous quantities: it is usually defined by angular component of ξ o relative to the Killing vector field that is timelike and unit length at infinity. With all of these uncertainties the status of the Smarr relation (1) and first law (2) is unclear: many of the contained quantities may no longer be well-defined. However all structure is not lost as certain horizon uniqueness and constraint theorems remain. It has been shown that the KN family of extremal Killing horizons are the unique extremal horizons in four-dimensional Einstein-Maxwell theory [21, 22, 23] . That is if
where R = A/4π is the areal radius of a cross-section of the horizon, then the intrinsic geometry along with certain components of the extrinsic curvature of the horizon and electromagnetic field at the horizon are identical to those of a member of the KN family ‡. For uncharged horizons, these results have recently been generalized to show that nearly extremal horizons are nearly Kerr [25] . On a closely related note it has also been shown that any marginally outer trapped surface (and so Killing horizon) satisfies a universal bound [26, 27, 28] :
This bound will then also hold for any distorted horizon. Using the MKN solutions as a concrete example, this paper will explore the complications arising in non-asymptotically flat spacetimes. In particular we will see how the contained horizons continue to conform to the extremal horizon (near)uniqueness theorems and constraint (5) while the rest of the geometry changes dramatically. We will also consider strengths and weaknesses of proposed methods for defining energy and regularizing surface gravity, Coulomb potential and angular velocity.
The plan is as follows. In Section 2 we introduce the MKN spacetimes as Ernstsolutions. Section 3 calculates basic physical properties including horizon location, (nonunique) surface gravity, electric and magnetic charge and angular momentum. Up until this point, the material presented is essentially review (though in a form that is suited to later calculations) however Section 3.4 begins with new material demonstrating that for any given value of the external magnetic field parameter, the corresponding MKN solutions span exactly the same range of (A, Q, J) as standard KN and so there is a natural bijective mapping between the families. It also demonstrates that such a mapping preserves the degree of extremality of the KN seed. Section 4 uses these insights to explore the range of possible MKN horizon geometries. Section 5 considers a Komar mass formula for these horizons and compares it to other proposed mass functions. Section 6 concludes the paper by considering the implications of our calculations. In Appendix A we give the form of several important (but lengthy) functions which appear in the MKN metrics.
Melvin-Kerr-Newmann Spacetimes
This section presents the Melvin-Kerr-Newman (MKN) family of solutions. We present them in both Ernst (cylindrical) coordinates and the more familiar Boyer-Lindquist-type coordinates: these solutions are quite complicated and depending on the calculation that we are interested in doing, one or the other system may be much easier to work in.
General Ernst solutions
As for any four-dimensional stationary axisymmetric solution, MKN spacetimes may be written in Ernst form. We will make use of the Einstein-Maxwell equations in their ‡ A concrete demonstration of this theorem in action can be found in [24] which presented examples of extremal spherically symmetric Reissner-Nordström-type horizons in non-spherically symmetric Weyldistorted spacetimes.
simplified Ernst form in future calculations and as such it is useful to begin with a review of the metric and potential ansatz along with those simplified equations. We largely follow [29] , [13] , [14] and [4] though with a few changes in notation and minus signs to match the formalism and signature used in the rest of this paper.
Any stationary axisymmetric electrovac spacetime solution in cylindrical (t, ρ, z, φ) coordinates may be written as a metric of the form:
along with a Maxwell field generated by a potential of the form:
In these expressions f , γ, A t , ω and A φ are functions of ρ and z while Λ o is a complex constant which is inserted for convenience: later on it will be chosen so that φ has period 2π with no conical singularity around the ρ = 0 axis. The Einstein-Maxwell equations for such a spacetime may be written in a particularly simple form. To this end first note that the dual Maxwell field is sourceless and so can equivalently be generated by a potential
whereF = dÃ = F = dA (that is the dual of the usual Maxwell field). Then from F = F it is straightforward to see that
where commas indicate partial derivatives with respect to the following quantity. Hence, the complex potential
is also sufficient to generate the Maxwell fields. Physically this is a particularly convenient form to work with since A φ andÃ φ determine the electric and magnetic charges of the spacetime (46). With this potential representing the Maxwell fields, it is straightforward to see that the (t, φ) component of the Einstein equations implies the existence of a twist potential function ϕ which determines ω via:
In turn, the (t, φ) and (t, t) + (φ, φ) components of the Einstein equations combine to give an equation for ϕ and f :
To make the connection with the Weyl solutions discussed in Section 1, note that for static (ω = 0) solutions in vacuum (Φ = 0), equation (12) reduces to the Laplace equation for a potential U defined by f = e U while the first order equation for the second potential γ is equation (17) .
Particular Ernst solutions
Our interest is in the Kerr-Newman and Melvin-Kerr-Newman solutions. These are particular Ernst metrics and we now consider the potentials and coordinate transformations that reduce (6) to the standard form: though the general Ernst form will be extremely useful for angular momentum calculations, Boyer-Lindquist coordinates will be more useful when we focus on horizons. For more details on the derivation of these solutions see [13] and [14] . 
where ∆ = r 2 − 2mr + a 2 + q 2 is the standard Kerr-Newman polynomial and the prime indicates a derivative with respect to r. Then with some algebraic effort it can be checked that the Ernst potentials E and Φ built from
with Σ = r 2 + a 2 cos 2 θ are solutions of (12) and (16) . From these potentials, one can solve (11) and (17) 
and so the Ernst metric (6) becomes
where we have chosen Λ o = 1 to eliminate conical singularities on the θ = 0 axis. This is the Kerr-Newman solution.
Melvin-Kerr-Newman
The MKN solutions are generated from Kerr-Newman via a Harrison transform [13, 14] . The resulting solutions can be written out explicitly but are complicated enough (see for example [18] ) that most direct calculations with the explicit metric are not practical. However it turns out that knowledge of the general form of the Ernst metric, equations of motion (in particular (11)) and the Ernst potentials is sufficient to calculate the properties in which we are interested. Thus we present these solutions in that way. By the Harrison transformation, the Kerr-Newman Ernst potentials transform to become
for
where B is a free parameter and E and Φ retain their old Kerr-Newman values. Then by (13) :
Finally, in the metric
Note that these potentials are scalar quantities and so independent of the coordinate system: they apply in both Ernst and Boyer-Lindquist coordinates. This is the same process that transforms Minkowski space into the Melvin magnetic universe [30, 31, 12] § and the MKN solutions can be thought of as black holes immersed in background magnetic fields, where B parameterizes the strength of the magnetic field. That said the physical interpretation is not completely straightforward as these spacetimes are neither asymptotically flat nor even asymptotically Melvin [18, 15] . Since we focus on quasilocal quantities and horizons this is not a major concern for us. However, it should be kept in mind that the classical definition of a black hole is for asymptotically flat spacetimes as are definitions of global physical quantities such as the ADM mass. We will return to this issue in Section 5.
Basic properties of MKN solutions

Killing horizon and surface gravity
Given the asymptotics of the MKN spacetimes, they do not contain event horizons. However, if there is an event horizon at r = r H in a seed KN solution, it remains as a Killing (and hence marginally outer trapped) horizon for all MKN solutions generated from it via the Harrison transform. That is r = r H for all values of B.
As a first step towards showing this, we demonstrate that ω is constant on the horizon. From (11) :
Clearly this vanishes as r → r H and so ω(r H , θ) = Ω H for some constant Ω H . Its exact form can be found in Appendix A. Next, using Ω H , define the Killing vector field
The norm of this vector field is given by
and clearly this vanishes for r = r H and will generally not vanish for r = r H . Hence r H is a Killing horizon. We consider the geometry of this horizon. On two-dimensional cross-sections the induced metric is
The position of the sin 2 θ may appear unusual however note that f MKN (evaluated on the horizon) is of the form
Melvin is a special case of the one considered here with m = a = q = 0. See [18] for an extended discussion of where ξ is timelike or spacelike and the intricacies of trying to define ergoregions for this spacetime.
where G H (θ) is a very complicated expression (Appendix A).
This metric, of course, fully determines the intrinsic geometry including the area element which does not depend on f MKN :
Hence, the area of the horizon is
and so relative to the KN seed solution
The surface gravity associated with ξ o is even more closely related to that of the seed solution. By the standard methods for Killing horizons [1] this can be calculated from the relation:
whence:
where κ KN is the surface gravity of the seed solution. For this scaling of the Killing vector field, the surface gravity is unchanged. However it is important to keep in mind that ξ o may be rescaled by any constant ξ o → α o ξ o and still be a suitable Killing-horizon defining Killing vector field. As will be discussed in more detail in Section 5 there is no natural way to fix this scaling; unlike the KN family of spacetimes, the full MKN family is not asymptotically flat and so an appropriate scaling cannot be read off from infinity. The surface gravity is only defined up to this freedom which in some sense means that it is not really fixed at all!
Horizon as a marginally outer trapped surface
Next let us consider the null expansions of the horizon. Surfaces of constant t and r have outward and inward oriented null normals:
Here the scaling has been carefully chosen so that the vectors remain geometrically well-defined at the horizon (even though the coordinate system itself fails there). In particular note that on the Killing horizon, the Killing vector field ξ o = .
Then the associated outward expansion is
for the inverse two-metricq
It is clear that this vanishes on the Killing horizon: as always the Killing horizon is a marginally outer trapped surface.
The inward expansion is
and on the horizon this takes the form
This is clearly negative everywhere for Melvin-Schwarzschild for which
however a little analysis shows that this property continues to hold for all values of (r, a, q, B). Thus the inward expansion of the Killing horizon is always negative and by the discussion of [32] the Killing horizon is a future outer trapping horizon [33] with fully trapped surfaces "just inside". This is true for arbitrarily large B and is what one would intuitively expect for a black hole horizon ¶.
Physical properties
We now turn to other properties of the MKN spacetimes, specifically the electric and magnetic charge as well as the angular momentum. These are each calculated on spacelike two-dimensional surfaces S that respect the symmetries of the spacetime. In these calculations, the outward and inward (future) oriented null normals to S will again be a and N a . They will be cross-scaled so that · N = −1: the and N given in (41) are examples of such normals. The induced metric on S isq ab and area form is . Relative to the full four-volume form˜ ab = abcd c N d or equivalently
where the underarrow indicates a pull-back to T 0 2 S. When necessary we assume that both S and the null normals share the rotational symmetry of the spacetime.
3.3.1. Electric and magnetic charge For any two-surface S the contained electric and magnetic charges are:
where the two-forms are understood to be pulled back into T 0 2 S and E ⊥ = a N b F ab and B ⊥ = a N bF ab are the normal components of the electric and magnetic fields. These expressions are, of course, completely general and apply to any two-surface in any spacetime. Further ifÃ is smoothly defined everywhere then Q = 0 and similarly ¶ Intuitively appealing as it is, this property does not always hold. There are Weyl-Schwarzschild spacetimes for which θ (N ) H changes sign on the horizon [7] . Conversely in highly dynamical spacetimes where horizons "jump" there can be marginally outer trapped surfaces for which the fully trapped region lies outside rather than inside the surface [34] .
if A is smooth than P = 0. Charges only exist if the corresponding potential has a singularity (or equivalently more than one potential patch is needed to properly cover the spacetimes).
Specializing to the MKN spacetimes, A is well-defined everywhere whileÃ is not. This failure can most easily be seen for the Kerr-Newman case where (21) implies
This does not vanish on the z-axis (θ = 0 or π) and soÃ is not well-defined there. Hence, while the P MKN = 0 we may have Q MKN = 0. Given the rotational symmetry of these solutions, one can findÃ MKN from (27) and so see
Recall that the |Λ o | 2 shows up courtesy of the rescaling of φ to eliminate conical singularities. This is a well-known expression for the electric charge of an MKN black hole (see, for example [16] ). The black hole is the only source of charge in this spacetime. Thus, as would be expected, this result is independent of the particular S considered (as long as it encloses the black hole).
Angular momentum
Since they are rotationally symmetric we can also define the angular momentum of the MKN solutions. There are several methods for doing this including the definitions of Komar [2] , Brown-York [35] and that for isolated and dynamical horizons ( [36, 37] and section 5.1 of this paper) however they are all equivalent for rotationally symmetric spacetimes. We focus our attention on a spacelike crosssection S of the Killing horizon. Then
where˜ is the area element on S, φ a is the rotational Killing vector (scaled so that its integral curves have affine length 2π) and the geometric and matter contributions to the angular momentum are respectively:
Attempting to calculate this directly for the MKN spacetime in Boyer-Lindquist coordinates is not practical: the resulting expressions are too complicated to handle even with the help of computer algebra. However, it can be calculated relatively easily if we return to a general expression in Ernst coordinates and consider S embedded in t = constant slices.
To that end, note that the induced metric on a t = constant surface is
Then, a general axisymmetric Ω embedded in this surface has unit normal
and T Ω is spanned by the orthonormal pairẽ φ = |Λ o | √ f dφ and
for some functions α and β. The area element on Ω is
where s is the proper length measured up φ = constant lines. Directly from (6) it is straightforward to show that
Thus the angular momentum is
where the integration is between the south pole (SP) and north pole (NP) of Ω. Happily, this can now be evaluated directly from the Ernst potentials (27) and (30) as:
This calculation applies to any surface that encloses the horizon, while for any surface that does not enclose the horizon the angular momentum vanishes. Put another way, if we interpret this as a quasilocal measure of the angular momentum contained within Ω, there is no net distribution of angular momentum -it is all concentrated in the black hole. Alternatively, this can be understood as a global property of these spacetimes, which may be calculated quasi-locally just like the electromagnetic charges.
Range of Measurable Parameters
We now study the range of spacetimes generated by the Harrison transformation.
First recall that a KN solution may be equally well characterized by metric parameters (m, q, a) or measurable physical parameters (R, Q, J). There is a one-toone mapping between these. From metric to measurable parameters:
where J = am is the angular momentum of the seed solution and r H is the positive root of
where
To understand the effects of the Harrison transformations it is most useful to work in terms of the measurable parameters of the MKN solution and KN seed solution. To that end it is straightforward to rewrite (48) and (58) as:
while by (38)
To emphasize that these equations give the mapping between the measurable characteristics of the seed and final solutions, we refer to them as the physical parameter transforms. Then we can demonstrate the following important properties. 
To begin it is obvious that (63) fixes R given a Q and J and so the proof rests on (61) and (62). The result is trivial for B = 0 and so we restrict our attention to B = 0. Then we can use B to fix a length scale and so remove it from the equations. For Q =Q/B and J =J/B 2 , (61) can be solved forJ as:
Substituting this in (62) we get a ninth-degree polynomial equation inQ:
Given that F is of odd order, F (Q) = 0 has at least one solution. However note that
where we have regrouped the term in the right-most parentheses as a quadratic polynomial inQ o . The discriminant of that term is everywhere negative and so dF dQ is nowhere vanishing. Hence since it is positive whenQ = 0, it is positive everywhere. Thus F (Q) is monotonically increasing and the mappings (61-63) give a one-to-one mapping from (R, Q, J) to (R MKN , Q MKN , J MKN ). It is also onto: by the same arguments that we have just used, F (Q) = 0 will have a solution for anyQ o . This can then be fed back into (64) and (63) to get a J and R.
Thus even though we have not explicitly inverted the transfomation equations, we have shown that, for each value of B, they provide bijective map from R 3 → R 3 .
Harrison transform preserves the degree of extremality:
The results of (3.4.1) depend only on the form of the transformations and apply for any real (R o , Q o , J o ). However, the parameters are not entirely independent. For KN:
where the inequalities are saturated for extremal horizons (and violated for naked singularities).
In fact it has recently been shown that this inequality is a universal bound for marginally trapped surfaces in four-dimensional electrovac spacetimes [26, 27, 28] (though it can be violated in anti-deSitter spacetimes [32] or in higher dimensions [38, 39] ). Thus we can define an extremality parameter
such that 0 ≤ χ 2 ≤ 1 with any χ 2 = 1 horizon said to be extremal. This bound should equally well apply to MKN horizons and in fact this is easy to see. By direct calculation and so
where we have adopted the convention that a calligraphic quantity is the dimensionless version of the corresponding physical property as scaled against R seed or R MKN (as indicated by the subscript).Thus the Harrison transformation preserves the degree of extremality. Sub-extremal KN seed solutions give rise to sub-extremal MKN solutions while extremal KN solutions are transformed into extremal MKN solutions. Note too that if (Q, J) = (0, 0) then for all B, (Q MKN , J MKN ) = (0, 0): Schwarzschild maps into Melvin-Schwarzschild. We can combine these two results to help build an intuitive picture of the effect of the Harrison transform on the physical parameters. Figure 1 shows how the transformation changes the physical properties of the solution as B runs from −∞ to ∞. A particular seed solution is shown, however the behaviour is generic: the evolution curve wraps around the Q 4 + 4J 2 = χ 2 surface and ultimately asymptotes to
from both directions.
At the same time, from (63) it follows that R MKN has an absolute minimum at
If either of Q or J are non-vanishing then this vanishes only for B = 0, is negative for B < 0 and positive for B > 0. Thus area increases monotonically with the magnitude of B and goes to infinity as B → ±∞. This is also shown in Figure 1 for the same seed solution as earlier and again the behaviour is qualitatively generic. The only exception is Q = J = 0 (Melvin-Schwarzschild) for which the area is independent of B.
Extremality
Extremal horizons not only satisfy Q
MKN but also have vanishing surface gravity (40) . As noted earlier, there are well-known theorems that prove that any fourdimensional electrovac extremal isolated horizon must be isomorphic to an extremal horizon in the Kerr-Newman family [21, 22, 23] . This isomorphism includes an isometry of the cross-sections of the horizon as well as identical angular-momentum one-forms ( a + EM ), and pull-backs of F ab andF ab into the surface. Consequently the areal radius, angular momentum and electric and magnetic charges will also match those of the corresponding extremal Kerr-Newman horizon. This result does not depend on global properties of the spacetime, including asymptotic structure, and so certainly applies to the MKN spacetimes.
We should be able to see this identity at the level of the geometry and we now consider the detailed mapping. From (35) the induced metric on an extremal MKN cross-section is
where from Appendix A (after selectively substituting r 2 = m 2 = a 2 + q 2 and doing some work to find the simplest possible form for the final expressions) we find
Note that we have left some ms in these expressions to avoid writing square roots. The choice of variable names and disappearance of cos 4 θ terms in (76) is of course not coincidence: by the uniqueness theorems the induced metric has to be of the same form as for KN. Thus m MKN and a MKN are the parameters for the extremal KN horizon which matches up with the MKN horizon. Combining this with (61): we have a specialized set of mappings that explicitly demonstrate how the Harrison transform maps extremal KN horizons into extremal MKN horizons. It is a pleasant surprise to find that they are simply quadratic in B (as opposed to the quartic expressions for R MKN and J MKN ). As a consistency check it is straightforward to show that they reproduce (61-63) if those equations are restricted to the extremal case.
Of course such a mapping of metric parameters cannot be found in general: nonextremal MKN horizons for B = 0 are not members of the standard KN family. In the next section this observation will be made explicit as we examine the geometries of these horizons in more detail.
Horizon geometry
In this section we study the geometry of MKN horizons and in particular carefully compare them to the geometry of corresponding KN horizons. We begin with a review of the effects of rotation or external magnetic fields on uncharged horizons.
KN and Schwarzschild Melvin
It is well-known that turning on angular momentum causes an initially spherical Schwarzschild horizon to become a progressively more oblate KN horizon (Figure 2 ) until for
the two-dimensional Ricci scalar becomes negative at the pole. From that point up to (and including) extremality (α 2 = 1), the horizon is no longer embeddable in Euclidean By contrast turning up the external magnetic field forces a Melvin-Schwarzschild horizon to become more prolate (Figure 3) . To see this note that in this case the metric on the horizon (35) takes the particularly simple form:
and the calligraphic B = BR is scaled in the usual fashion. These metrics may be embedded in R 3 for all values of B. For B = 0 they are, of course, spherical but for non-zero B they become increasingly prolate and for B > 1 they develop a region of negative curvature around the equator. This can be seen in Figure 3 , but can also be easily demonstrated from the Ricci scalar:
We now consider how these observations extend to general MKN horizons.
Understanding the geometries
Rather than plotting large numbers of embedding diagrams we focus on three properties of the horizons:
(i) the Ricci scalar of the the two-dimensional metric:
(ii) equatorial circumference:
and (iii) the length of the prime meridian (distance from the north to the south pole along a φ = constant curve):
As noted earlier, the full expression for G H can be found in Appendix A. Primes indicate derivatives with respect to θ. These quantities are all quite complicated (in particular L MKN cannot be written in closed form) and will be calculated numerically as needed.
The Ricci scalar will be considered directly (scaled by areal radius) however for circumference and prime meridian length, it is more convenient to compare them to the KN horizon characterized by the same properties and so have a direct measure of how prolate/oblate the MKN horizon is relative to KN horizon with the same physical parameters. For (R o , Q o , J o ):
and
where E(x) is the complete elliptic integral of the second kind. In accord with the earlier notation
Plotting graphs involving these quantities is not completely trivial: the explicit forms of the MKN metrics are parameterized by the (m, q, a, B) of the seed solutions not the scaled Q MKN , J MKN and B = BR MKN . For given values Q MKN = Q o and J MKN = J o of these parameters, we must invert the physical parameter transforms en route to the calculating geometry. However this involves solving a ninth-degree polynomial and in general this cannot be done in closed form. We proceed in two ways depending on the particular problem.
First if we need to calculateR,
, we recall that the Harrison transform bijectively maps KN horizons into MKN horizons. Thus, even though it cannot be inverted analytically we can rely on numerical solvers to do the inversion for us. That is we solve R MKN = R o , Q MKN = Q o and J MKN = J o to find (R seed , Q seed , J seed ) and then in turn use (60) to get the metric parameters of the seed solution. From there we calculate quantity interest. This procedure was used to plot In that figure the upper half of each sub-graph is the (log of the) ratio of the prime meridian length of the MKN solution to length of the corresponding KN solution. The lower half plots the corresponding ratio for equatorial circumferences. Then in general + it can be seen that, as for Melvin-Schwarzschild, an increasing B causes the horizon to become more prolate (stretching the prime meridian) while simultaneously squeezing it at the equator. The stretching/squeezing is large for small χ (close to Melvin-Schwarzschild) but becomes smaller as χ → 1 (approaching extremality). Note the scales on the vertical axes ranging from divisions of magnitude 1 (that is factors of 10) for χ 2 = 0.00001 to 10 −6 for χ 2 = 0.99999. While sign is relevant for small values of B, at large magnitudes these differences disappear: essentially this corresponds to the higher order B terms dominating in (61-63). These figures are in accord with [25] which rigorously demonstrated that in the absence of matter a "nearly" extremal axisymmetric horizon is geometrically "nearly" Kerr. In Figure 4 the least solid dashed lines represent the Q = 0 case and in the progression from χ 2 = 0.00001 to χ 2 = 0.99999 it is clear that L and C approach their Kerr horizon values: these graphs are consistent with limits lim χ→1 C MKN = C Kerr and lim χ→1 L MKN = L Kerr .
The asymptotic behaviour for the general case is confirmed and further clarified by Figure 5 which plots the asymptotic values of the ratios for the full range of Q o and J o from χ = 0 to χ = 1. In that figure it can be seen that for χ = 0 the stretching/squeezing does not become arbitrarily large but instead asymptotes to a finite value for large B. As would be expected, for extremal horizons (the intersection point of the upper and lower sections of the figure) there is no stretching or squeezing while for Melvin-Schwarzschild it can be seen that the prime meridian becomes arbitrarily large while the circumferential ratio asymptotes to zero length (compared to the corresponding KN solutions).
For this figure and the two that follow we followed a different strategy than that used for Figure 4 . The inversions of the first method are computationally too slow to generate a detailed figure in which both angular momentum and charge are varying. In such cases it is easier to work directly with seed metric parameters and plot parametrically. That is still fixing R o we plot
from (63) and X MKN represents any of the geometric quantities. For Figure 5 we used the asymptotic Q ∞ (72) and J ∞ (73) rather than general forms.
Complementary information about the geometry is obtained by considering the value of the two-dimensional Ricci scalar on the horizons: Figure 6 . That figure identifies regions where the Ricci scalar becomes negative at the poles and equator. Focussing first on the poles, note that for sufficiently large J o the curvature will become negative irrespective of the value of B. This is the same behaviour seen for Kerr-Newman horizons where a sufficiently large rotation parameter causes the curvature at the poles to become negative (and so the horizon cannot be embedded in Euclidean R 3 ). Switching our attention to the equator, a vanishing curvature marks the onset of an hourglass figure like that seen in Figure 3 for Melvin-Schwarzschild with B > 1. As can be seen from the diagram, this is only possible for relatively small values of Q o and J o . As seen in the earlier figures, near extremal horizons have quite rigid geometries and as a consequence, they never develop regions of negative curvature at the equator. Note too that there is no overlap of the regions of negative curvature: for the range of B plotted there is no MKN horizon which has negative curvature at both the poles and the equator. Figure 7 confirms that these conclusions hold for very large values of B. It plots zeros of the Ricci scalar at asymptotically large values of B over the entire horizon for all possible Q o and J o . Even in this limit the Ricci scalar becomes negative at the poles for sufficiently large J o (modulated somewhat by the value of Q o ). This region of negative curvature can stretch out from the poles to cover significant regions of the northern and southern hemispheres (again like pure Kerr). Further, the region of negative curvature around the equator can also stretch north and south though as before this only happens for a relatively small values of Q o and J o . Large values of either of these parameters preclude an hourglass figure. Finally, even in this asymptotic limit there is no MKN horizon which has negative curvature at both the poles and the equator.
Mass functions for MKN horizons
Given that we have measures of the charge and angular momentum it is natural to ask whether there is a natural definition of mass-energy for these horizons. Unfortunately the immediate answer to this is no. Definitions of mass and energy are notoriously tricky in general relativity. For stationary asymptotically flat spacetimes the ADM and Bondi masses are good global notions (see for example [1] ) however the equivalence principle precludes truly local notions and there are many competing notions of quasilocal energy [40] . For non-asymptotically flat spacetimes even global notions are problematic as the standard definitions are intuitively based on the idea that if one gets far enough away from a source, spacetime is essentially flat and so one can define mass based on deviations from flat space (and match up with Newtonian ideas). Our MKN spacetimes are manifestly not asymptotically flat.
That said in this section we consider and compare three definitions of energy that can at least be calculated for MKN spacetimes. In order of appearance these will be:1) the isolated horizon formalism of which provides a definition of energy for any isolated horizon (including the Killing horizons considered in this paper), 2) a Komar-type energy and related Smarr formula and 3) the dimensionally-reduced Brown-York-type proposal recently applied to MKN in [17] .
Isolated horizon mass
The isolated horizon formalism for black hole mechanics was developed about fifteen years ago [41, 42, 36] . Intuitively an isolated horizon is one that is in equilibrium with its (possibly dynamic) environment and so not evolving in time. Mathematically there are several sub-types, however for our purposes we can consider weakly isolated horizons. These are non-expanding null surfaces that also satisfy some mild energy conditions: together these requirements are sufficient of ensure that the intrinsic geometry of the horizon is invariant.
Through a careful analysis of the covariant phase space of spacetimes containing axisymmetric weakly isolated horizons one can derive Hamiltonian notions of angular momentum and energy The Hamiltonian functionals associated with both of these are made up of a bulk term plus two boundary terms: one at the horizon and one at infinity. In the usual way the bulk term vanishes and for asymptotically flat spacetimes the term at infinity evaluates to the ADM angular momentum or mass of the full spacetime. The term at the horizon is then associated with the angular momentum or mass of the horizon itself.
Angular momentum is straightforward. The horizon boundary term of the rotationgenerating Hamiltonian is (49): the quantity that we are already using. However for time translations and energy the situation is more complicated and intimately tied up in with the first law of black hole mechanics.
The first complication is that the time translation vector field is generally not uniquely defined. To understand why, we first return to the KN case where it is unique.
For KN there is a two-parameter family of Killing vector fields which in Boyer-Lindquist coordinates may be written as:
where α and β are constants. In this case the natural time translation vector field is one that is timelike and unit length at infinity. There is only one such field k (T ) :
At the horizon this Killing vector field is spacelike but as discussed in Section 3.1, it is related to the Killing horizon defining vector field ξ o via:
where the angular velocity
For general weakly isolated horizon spacetimes this procedure is not meaningful. In the case of a weakly isolated horizon in an otherwise dynamical spacetime there will generally not be global Killing vector fields and so no way to normalize the horizon Killing vector field against infinity. For Killing horizons in stationary spacetimes the global fields exist however there may still be no natural way to scale against infinity. This is the case for our MKN spacetimes: they are not asymptotically flat and it turns out that there is a range of Killing vector fields which are timelike at infinity [18] . We are left with a range of possible time-translation Killing vector fields. Then for any scaling ξ (T ) of the Killing vector field that becomes null on the horizon and any Ω (T ) ,
is a potential time translation vector field. The covariant phase space analysis (partially) breaks this degeneracy by assuming that k (T ) is "live". That is the forms of ξ (T ) and Ω (T ) should be determined by properties of the horizon. Then the analysis of [36] shows that the corresponding evolution is Hamiltonian if and only if the surface gravity κ (T ) (39) , Coulomb potential Φ (T ) = −ξ a (T ) A a and angular velocity Ω (T ) are functions of A = 4πR 2 , J and Q alone and further those functional forms satisfy ndence. Further the functional forms should satisfy:
The energy E (T ) associated with the horizon is also a function of (A, J, Q) and necessarily satisfies the standard first law of black hole mechanics:
Now, it is important to keep in mind that none of κ (T ) , Φ (T ) or Ω (T ) are invariantly determined by the spacetime (or horizon) geometry. κ (T ) is fixed by the scaling of the ξ (T ) : rescaling ξ (T ) → c (T ) for any constant c sends κ (T ) → cκ (T ) . Φ (T ) may be freely set by an appropriate gauge transformation of the electromagnetic potential A a . Finally Ω (T ) is determined by the difference k (T ) − ξ (T ) and so in the absence of a preferred choice of either of these, the angular velocity is similarly undetermined.
That said, since the Kerr-Newman solutions are a part of this phase space, it is natural to pick the forms to match the standard values for those solutions. That is Ω (T ) = Ω KN (94) while the other two are matched against
Then (97) can be integrated to obtain the usual Smarr and Christodoulou mass formulae
Thus by the isolated horizon formalism the mass of any MKN horizon is exactly the same as a KN horizon of the same area, charge and angular momentum. That is
It is of some interest to consider the coordinate form of k (T ) as determined by the isolated horizon conditions. Setting κ (T ) = κ IH and Ω (T ) = Ω IH we obtain:
Then it is clear that for B = 0, k IH = ∂/∂t in the usual way. However for B = 0, k IH = ∂/∂t: for general MKN spacetimes the isolated horizon selected Killing vector field is not simply expressed in the standard coordinate system.
Komar mass for MKN
We now consider a form of the Komar mass which will turn out to be closely related to the isolated horizon mass. Mathematically it is identical to the standard Komar mass however it may appear a little different as the commonly seen form employs some simplifications which only hold for asymptotically flat spacetimes. We outline the derivation below.
Consider an electrovac spacetime with Killing vector field k. Then with the help of the Einstein equations it is straightforward to show that
Over any spacelike hypersurface Σ, the previous equation may be manipulated into a total derivative term:
where u a is the future pointing timelike normal to Σ, D a is the induced covariant derivative, Φ k = A a k a and E a = F ab u b is the electric field. If Σ is bounded by two surfaces S 1 and S 2 , then this total derivative may be integrated out to the boundaries to show that :
where n a is a (consistently oriented) unit spacelike normal vector field to S 1 and S 2 . Since this applies to any pair of surfaces S 1 and S 2 , what we have actually demonstrated is that Σ is characterized by a invariant quantity which may be calculated over any closed surface S ⊂ Σ:
In anticipation of applying this to isolated horizons, we have switched from timelike and spacelike normals u a and n a to null normals a and N a which are respectively outward and inward oriented and cross-normalized so that a = µ(u a +n a ) and
Particular choices of k with appropriate scaling constants give us expressions that may be identified with physical quantities. For example the angular momentum (49) is associated with the rotational Killing vector field:
For stationary asymptotically flat spacetimes there is also a well-motivated measure of mass. For the Killing vector field k a (T ) that is timelike and unit length at infinity
is the Newtonian mass [1] when evaluated near infinity * . Meanwhile if the spacetime contains a Killing horizon, then M evaluated there is (5.2):
In deriving this expression we have decomposed k a (T ) = ξ o +Ω H φ where φ is the rotational Killing vector field (scaled to have affine period 2π) and ξ o is a time-translation Killing vector field that becomes null on the horizon. Then κ is the surface gravity associated with ξ o that is null on H, A is the area of a cross-section of H and Φ ξo = ξ o A is the Coulomb potential. Hence one obtains the celebrated Smarr relation. * The reader may be more familiar with an expression of the form
In asymptotically flat spacetimes, the electromagnetic falls off quickly enough that the electromagnetic terms vanish. However this isn't the case for MKN or many other non-asymptotically flat spacetimes and so all terms are retained here.
For our non-asymptotically flat MKN spacetimes things are a bit more complicated. As discussed in the last section, although we can certainly still identify (up to scaling) the Killing vector field ξ o that becomes null on H and the rotational Killing vector field φ a , there is no longer a geometrically preferred time evolution vector field k (T ) . Thus there is no geometrically preferred measure of mass. Instead for any scaling of ξ o , gauge A a and choice of angular velocity Ω o there is a corresponding conserved charge (105) and associated Smarr formula:
In particular if we choose
However we now see that this mass can be calculated on any two-dimensional S enclosing the horizon will match the KN values: one is not restricted to evaluating on the horizon.
The Gibbons-Pang-Pope proposal
A different perspective on MKN energy can be found in [17] . In that paper the authors seek to calculate the energy of the full spacetime modulo that of the external magnetic field: the remaining energy should be that of the black hole. They do this with a method that is inspired by the Brown-York quasilocal energy [35] . As for the isolated horizon energy, the Brown-York energy comes from Hamiltonian: in this case the standard (3 + 1) decomposition of the Einstein (and associated matter) equations. Again the Hamiltonian functional has bulk and boundary components and once more the bulk component is made up from the Hamiltonian and momentum constraints and so vanishes when evaluated for any region of any solution. The boundary component doesn't vanish and its value is taken as the mass of the region contained within the boundary. For pure Einstein gravity (including matter fields like Maxwell adds extra terms) with a timelike boundary B, the mass of the spacetime is:
where the integration is over a two-dimensional slice S of B and k =q ab ∇ a n b is the trace of the extrinsic curvature of S whereq ab is the induced metric on S and n b is the spacelike normal to B (and hence S). The k o reference-term is not so straightforward. In the derivation of this formulation, the boundary metric is held constant under variations. As a result there is an ambiguity in the derived mass: free functions of the boundary metric vanish under variations and the energy is also uncertain up to free functions of that data.
The question is then how to choose k o . The most popular choice, proposed in the original paper, is to embed (S,q ab ) in Euclidean R 3 and then calculate the trace of the extrinsic curvature of that surface. For asymptotically flat spacetimes and arbitrarily large S, M BY is equivalent to the ADM mass. However for non-asymptotically flat spacetimes, like MKN, the correct reference spacetime is not so clear. The obvious choice for MKN would seem to be pure Melvin. However if we recall that MKN is, in general, not asymptotically Melvin then this choice is no longer so convincing! Further, at a computational level, even when there is a good choice the embeddings may be difficult or even impossible. For example as noted earlier, surfaces of constant r close to a rapidly rotating Kerr horizon have negative curvature at the poles and cannot be embedded in Euclidean R 3 . Gibbons, Pang and Pope proposed an ingenious resolution of this problem for the MKN spacetimes in [17] . Instead of working with the usual (3 + 1)-formulation, they dimensionally reduced to (2 + 1)-gravity along with induced matter fields. Then the expression for mass (111) also acquires extra matter terms, however the embedding problems becomes much simpler. Dimensionally-reduced MKN and KN are locally identical (and in fact only differ globally in the period of φ which for MKN is reduced by a factor of Λ o 2 ) and it is proposed that both use a similarly reduced version of Minkowski space as a reference space. Evaluating at infinity with this reference space (which is singular everywhere along the z-axis) they obtain:
where m is the mass parameter of the pre-transform KN seed solution. Converting into (R, Q, J) this becomes
For B = 0 this is not equal to M IH . This can easily be seen from the forms
but is also demonstrated graphically in Figure 8 where it can be seen that, depending on the exact solution, one or the other may be larger. Also note that M GPP depends directly on B: unlike M IH which depends on B only indirectly through R MKN , Q MKN and J MKN . Given this mass formula, the authors posit that a first law will hold of the augmented form:
where µ is an implicitly defined magnetic potential (it does not appear to have an explicit form that can be calculated from A a orÃ a ) and κ = κ seed . This assumption about the form of the surface gravity differs from that of the isolated horizon formalism and, as demonstrated by equation (40) is equivalent to adopting the coordinate-system determined scaling (33) for ξ o .
With this different choice of defining functions for both mass and surface gravity it is then no surprise that when the authors solve (115) for Ω and Φ (first assuming B is held constant) they also get different value for these quantities. Then keeping those forms for Ω and Φ, they allow B to vary and so find an expression for the magnetic potential. The forms of all three quantities are noted to be very complicated and only given to linear order in B in the paper. Nevertheless the authors note that (115) may be integrated to obtain the Smarr-like:
This formula is quite attractive given that it includes an interaction term giving the energy associated with placing the black hole in the magnetic field. However, it should be kept in mind that the B appearing in this expression is a solution parameter and any invariant meaning is not immediately obvious. Similarly µ is defined by consistency with the postulated first law rather than calculated from the metric (even modulo a gauge freedom). Such a term appears in neither the isolated horizon nor Komar-derived Smarr formulae. In particular if one makes scaling and gauge choices to get (κ GPP , Ω GPP , Φ GPP ), (109) still does not contain a µB term. Even with these choices M Komar = M GPP however one could then operationally define
to reconcile the differences. Whether or not this matches the magnetic potential obtained by Gibbons, Pang and Pope is not clear as we do not have its explicit form. A possible source of the discrepancy can be gleaned from the derivations of the mass-energies. The isolated horizon energy came from a boundary term evaluated at the horizon. However the GPP energy comes from a term evaluated at infinity. Thus while M IH aims to measure the energy of the horizon alone M GPP aspires to measure that of the full spacetime (minus that of the reference space). It is not clear exactly how to reconcile these two ideas. One possibility (supported by the Komar derivation) is that they should be equivalent. In that case we have an inconsistency. However it is conceivable that there might be a subtle argument that could reconcile the two based on the different locations of evaluation: they may not really be measuring the same quantities.
Conclusions
In this paper we examined the geometry of MKN horizons in some detail. In agreement with the theorems of Dain and collaborators, we explicitly showed that charge and angular momentum of an MKN solution is bound by the horizon area in exactly the same way as for KN. Thus for each value of the magnetic parameter B there is a bijective mapping between KN and MKN solutions that identifies horizons with equal (R o , Q o , J o ). Harrison transforms preserve the degree of extremality: the transform "rotates" solutions through (Q, J )-space but the sum χ 2 = Q 4 + 4J 2 is preserved. Thus extremal horizon seed solutions are mapped into extremal MKN solutions and if Q seed = J seed = 0 then they remain zero after a transform.
Despite these relations between seed and post-transform solutions we argued that physically it is more meaningful to make use of the bijective mapping to compare MKN-KN solutions with matching (R o , Q o , J o ). Then as might be expected, the magnetic field causes an MKN horizon to become more prolate. For Q o = J o = 0 the (MelvinSchwarzschild) solution can become arbitrarily prolate while extremal horizons are left invariant (in accord with the extremal horizon uniqueness theorems). In between the field causes increasing (but not arbitrarily large) prolateness. For sufficiently large angular momentum it is always possible to force a section of negative Riemannian curvature around the poles while at the same time a sufficiently large χ will protect the equator from becoming negatively curved, even for large B. There is no solution with negative curvature at both the poles and the equator.
Thus, the extremality parameter χ seems to impart a degree of rigidity to solutions. The behaviour of key parameters including the circumferential radius and pole-to-pole length, shows a smooth gradation from χ = 0 solutions which may be arbitrarily distorted relative to KN to χ = 1 solutions which match the corresponding KN solution exactly. This observation is in accord with [25] which demonstrated the analogous general result for horizons in the absence of a Maxwell field. Given that extremal uniqueness theorems continue to hold in the presence of electromagnetic fields one would expect an extension of the near-uniqueness theorems to also hold and our observations for MKN support this expectation.
Turning to possible measures of mass-energy, surface gravity, Coulomb potential and angular velocity, the MKN solution clearly demonstrated the inherent problems in defining these quantities for a non-asymptotically flat spacetime. We considered three possible measures and showed that while the isolated horizon and Komar masses may be made consistent with an appropriate choice of gauge and scaling of the Killing vector fields, the Gibbons-Pang-Pope proposal appears to be inconsistent with both of these (neither naturally contains a magnetic potential term). The isolated horizon-Komar mass is entirely determined by (R o , Q o , J o ) which can be viewed as a good thing (it is easy to calculate) however this is also slightly uncomfortable if one considers that it means that horizon distortions are energy neutral as long as they preserve area, charge and angular momentum. By contrast, while the Gibbons-Pang-Pope proposal appears to be inconsistent with Komar it does predict energy changes associated with distortions.
One can imagine settling the disagreement by a thought experiment involving an infinitely long solenoid enclosing a KN black hole. Turning on the current would then generate an internal magnetic field which would distort the black hole. If this was done quasi-statically and the resulting interior spacetime could be modelled with MKN solutions, then it might be possible to track the energy changes associated with the distortion by considering energy changes in the solenoid. While this is a physically appealing idea we note at least two potential problems. First it is not a priori obvious that MKN solutions can be used to model this situation: for example we have seen that in general the Harrison transform preserves neither charge nor angular momentum. Even if some remapping of the solutions could be used to model the spacetime close to the horizons, it would be necessary to construct a full solenoid-including solution with spacetime-surgery techniques. One of the authors prior experience trying to insert Weyldistorted Schwarzschild solutions into an asymptotically flat spacetime via mediating matter fields has shown this to be non-trivial. It may not even be possible without resorting to energy condition violating matter fields [43] . As such we also leave this construction for future studies.
